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ABSTRACT
We introduce a new Nonnegative Matrix Factorization (NMF) model
called Nonnegative Unimodal Matrix Factorization (NuMF), which
adds on top of NMF the unimodal condition on the columns of the
basis matrix. NuMF finds applications for example in analytical
chemistry. We propose a simple but naive brute-force heuristics
strategy based on accelerated projected gradient. It is then improved
by using multi-grid for which we prove that the restriction operator
preserves the unimodality. We also present two preliminary results
regarding the uniqueness of the solution, that is, the identifiability, of
NuMF. Empirical results on synthetic and real datasets confirm the
effectiveness of the algorithm and illustrate the theoretical results on
NuMF.
Index Terms— Nonnegative Matrix Factorization, Unimodality, Multi-grid method, fast gradient method
1. INTRODUCTION
Nonnegative Matrix Factorization (NMF) [1] is the following problem: given a matrix M ∈ Rm×n
and a factorization rank r ∈ N, find
+
r×n
W ∈ Rm×r
and
H
∈
R
such
that WH u M. In this work, we
+
+
introduce a new NMF model, namely Nonnegative Unimodal Matrix
Factorization (NuMF), which adds on top of NMF a condition that
the columns of W are Nonnegative unimodal (Nu).
Definition 1 (Nonnegative unimodality) A vector x ∈ Rm is Nu
if there exists an integer p ∈ [m] := [1, 2, . . . , m] such that
0 ≤ x1 ≤ x2 ≤ · · · ≤ xp and xp ≥ xp+1 ≥ · · · ≥ xm ≥ 0. (1)
m,p
m
We let U+
be the set of vectors fulfilling (1), and let U+
be the
m,p
union of all U+
for p ∈ [m]. A matrix X is Nu if all its columns
are Nu.

Definition 2 (NuMF) Given M ∈ Rm×n
and r ∈ N, solve
+
1
min kM − WHk2F subject to

H ≥ 0,

W,H 2

m
wj ∈ U+
for all j ∈ [r],
wj> 1m = 1 for all j ∈ [r],
(2)

where H ≥ 0 means H is element-wise nonnegative, wj is the jth
column of W and 1m is the vector of ones in Rm . The normalization
constraint wj> 1m = 1 is used to handle the scaling ambiguity of the
solution (W, H); see [1].
Contributions. We propose an algorithm to solve NuMF. The
algorithm is a combination of brute-force heuristics, accelerated projected gradient (APG), and a multi-grid method (MG). Theoretically,
we justify the use of MG as a dimension reduction step in the algorithm by proving that a restriction operator preserves Nu (Theorem
1). We also present two preliminary results regarding the uniqueness of the solution, that is, the identifiability, of NuMF. Finally we
present numerical experiments to support the effectiveness of the algorithm, and illustrate the theoretical results regarding identifiability.
2. ALGORITHM
We use block-coordinate descent to solve (2): starting with an initial pair (W0 , H0 ), we solve the optimization subproblem on H
while fixing W, then we solve the subproblem on W while fixing H. Such alternating minimization is repeated until the sequence
{Wk , Hk }k∈N converges. In particular, we employ the HALS algorithm ([4], see also [1]) that updates the columns of W and rows of
H one-by-one, which runs in O(mnr) operations. The subproblem
on the ith row of H, denoted as hi , has the following closed-form
solution
h
i .
h = M>
kwi k22 ,
(3)
i wi
+

Remark 1 Note that the value of p is not necessarily unique, and
p refers to the location of the change of tonicity, from increasing to
decreasing. Nu generalizes the notion of log-concavity [2].
Nu finds applications in pure mathematics [2], but in this work we
focus on the applications in analytical chemistry, for examples the
curve resolution problem, flow injection analysis, and gas chromatography–mass spectrometry (GCMS) [3]. See Section 4 for an
example of a GCMS dataset.
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where Mi = M − WH + wi h and [ · ]+ = max{ ·, 0 }. The
main difficulty in solving NuMF comes from the subproblem on W,
which is a nonconvex problem.
2.1. Subproblem on W is nonconvex
The subproblem
S m,i on W is nonconvex because of the Nu set. The set
m
U+
= i U+
, which is the union of m disjoint convex sets, is
nonconvex for m ≥ 3. For example, let ei be the standard basis
vector, both ei and ej are Nu, but the vector (1 − λ)ej + λej with
λ in the interval [0, 1] is not Nu if |j − i| ≥ 2. Note that the union
m,p
m,q
m
U+
∪ U+
is convex if |p − q| ≤ 1, and it means that x ∈ U+
m,p
m,p+1
if there exists an integer p ∈ [m] such that x ∈ U+ ∪ U+
,
and the Nu membership of x can be characterized by an inequality

Up x ≥ 0, where Up is a m-by-m matrix built by two first-order
difference operators D, as shown in the following equation

0
≤
x1



 x1
≤
x2
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.



xp−1 ≤
xp
⇐⇒ Up x ≥ 0,
(4a)
 xp+1 ≥ xp+2
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m,p
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difference operators and is thereby block tri-diagonal, its inverse is
positive block tri-diagonal and thus b > 0. This implies that (7) satisfies the Slater’s condition, that is, the feasible set has a non-empty
relative interior, which guarantees strong duality. The solution to
(7) can be derived from the partial Lagrangian associated with the
equality constraint:
y∗ = min max L(y, ν) =
y≥0

ν

which has a closed-form solution given by the soft-thresholding
y∗ = [z − νb]+ , where the Lagrangian multiplier ν is the root of
the following piece-wise linear equation
m
X

where
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wi

subject to

khi k22
kwi k22 − hMi (hi )> , wi i + c
2
Upi wi ≥ 0 and wi> 1m = 1.

(4b)

zi
(i ∈ [m]) are the break points. Assuming there are
bi
K ≤ m nonzero break points, Problem (8) can be solved in
O(m + K log m) operations by sorting the break points. The complexity of the projection step is in between O(m) and O(m log m),
depending on K; see also the discussion in [6]. We implemented
an efficient and robust MATLAB code inspired by [7] to solve this
problem.

2.3. Brute-force algorithm for pi
(5)

We solve (5) by accelerated projected gradient (APG) [5]. The feasible set {wi | Upi wi ≥ 0, wi> 1 = 1} in (5) is difficult to project
onto, so let us reformulate (5). Note that the square matrix Upi in
(4) is non-singular. The change of variable y = Upi wi gives
1
(6)
argmin hQy, yi − hp, yi s.t. y ≥ 0, y> b = 1,
2
y
−1
−1
i >
−1
where Q = khi k22 U−>
pi Upi , p = Upi Mi (h ) and b = Upi 1.
We solve (6) by APG; see Algorithm 1. Then we convert the solution
∗
y∗ of (6) to wi∗ that solves (5) via wi∗ = U−1
pi y .

Algorithm 1: Accelerated Projected Gradient (APG)
Input : Q ∈ Rm×m , p, b
Output: Vector y that approximately solves (6).
Initialize ŷ0 = y0 ∈ Rm ;
For k = 1,. . . until some criteria
 is satisfied do
Qŷk−1 −p
yk = P ŷk−1 − kQk
% Projected gradient step;
2
k−1
(yk
k+2

(8)

where

2.2. Accelerated Projected Gradient (APG) for (5)

ŷk = yk +
End for

n
o
max 0, zi − νbi bi − 1 = 0,

i=1

Based on this characterization, if the value of p of the vector wi
is known, the subproblem on wi , under the HALS framework, is a
linearly constrained quadratic programming problem:
min

1
ky − zk22 + ν(y> b − 1),
2

− yk−1 ) % Extrapolation step;

The key in APG is the projection P . Given a vector z, P (z) is
defined as
1
P (z) = argmin ky − zk22 s.t. y ≥ 0, y> b = 1.
(7)
2
y
This problem is the projection onto an irregular simplex described
by the vector b = U−1
pi 1. As Upi in (4) is built by two first-order

If all pi are known, solving (5) for all i ∈ [r] gives the solution to W
for NuMF. In general the pi ’s are unknown and should be optimized.
In this sense, NuMF is a nonconvex problem with r integer variables
p1 , . . . , pr . A first naive strategy is to solve it using brute force: try
all the even integers in [m] on pi for solving (5), pick the one with
the smallest objective function value as the solution. This requires
O(m2 nr) operations and hence does not scale linearly with the size
of the data. This brute-force strategy is ineffective for large m.

2.4. Multi-grid as the dimension reduction step
We now discuss an idea of using MG to speed up the computation.
The reason why MG is used is that it preserves Nu (Theorem 1),
which is not the case for other dimension reduction techniques such
as PCA or sampling. Algorithm 2 shows the algorithm for solving
NuMF with MG. First we use a restriction operator R on the data to
form a smaller problem in a coarse grid: in the general N -level MG,
the vector RN RN −1 . . . R1 w has the row-dimension of mN  m.
For mN that is sufficiently small, we can run the brute-force search
to estimate p. The cost of brute-force search is now reduced from
searching the even integers in [m] to those in [mN ]. After we solve
the problem on the coarse grid, we interpolate the solution back to
the original fine grid by interpolation, which can be computed as the
left-multiplication with the matrix R> with a scaling factor. Lastly
we solve the problem on the fine grid with the information p0 , and
no further brute-force search is needed.
We now discuss the details of the restriction.
Definition 3 Restriction operator R is defined as x  Rx, where
1 ×m
R ∈ Rm
with m1 < m has the form of (9). The operator is
+
defined column-wise on a matrix, i.e., RX := [Rx1 . . . Rxn ].

There are many choices to build R, for simplicity, we use


a b




b a
b



 a > 0, b > 0,
..
..
..
,
R(a, b) = 
.
.
.

 a + 2b = 1.




b
a b


b a

Remark 2 (Peak finding) Another possible heuristic is to use peak
detection, for example using findpeaks in MATLAB, to preselect
a small number of candidate values for the pi ’s. This strategy is
explored in [8] and will be investigated in future work.
(9)

m,p
We now show that MG preserves Nu. Let us define N+m,p = U+
∪
m,p+1
U+
, which is a subset of the Nu vectors. We have the following
result.
m,p
Theorem 1 Let x ∈ U+
and R ∈ Rm1 ×m defined in (9). Then
m1 ,py
y = Rx ∈ N+
with py ∈ {b p2 + 1c, b p2 c}.
Proof First, we assume p is even, without loss of generality, by
considering the vector [0, x] when p is odd which does not change
the unimodality and increases p by one.
Then let us decompose R as R = A + B + C, where A only
contains the elements a in R, B only contains the elements b on the
right of a in R, and C only contains the elements b on the left of
a in R. Note that A, B, C are sampling operators multiplied by a
constant. These sampling operators are either picking the odd or
even indices of x, which give Nu vectors since any sub-vector of a
Nu vector is Nu. It remains to show that the sum Ax + Bx + Cx
m,p
belongs to N+ y for py ∈ {b p2 + 1c, b p2 c}. Since p is even and the
matrices B and C sample the even entries of x, the vectors Bx and

Cx belong to
with py either

m1 , p
U+ 2 . It is easy to see that
p
or p2 + 1, which concludes
2

Ax belongs to
the proof.

m ,p
U+ 1 y



Algorithm 2: MG-BFS for solving NuMF
Input : M ∈ Rm×n
, r ∈ N, W0 , H0
+
Output: W, H that approximately solve (2)
1. Perform restriction:
[N ]
M[N ] = RN . . . R1 M, W0 = RN . . . R1 W0 .;
2. Solve NuMF on the coarse grid:
[W[N ] , H0 , p[N ] ] = HALS(M[N ] , W0 , H0 ),
with hi updated using (3), and wi updated using APG
discussed in section 2.2.;
3. Interpolation: [W0 , p0 ] = Interpolate(W[N ] , p[N ] ).;
4. Solve the problem in the original grid
[W, H] = HALS(M, W0 , H0 , p0 ).
* Steps 2-4 can be repeated several time.
[N ]

Lastly, we give a few remarks concerning Algorithm 2. In practice, due to errors introduced by the restriction and interpolation processes, the vector p0 obtained from p[N ] may not be precisely accurate for solving NuMF in the original dimension. As a safeguard,
we still perform a brute-force search for p values of NuMF in the
original dimension, but we only search it in a small neighborhood of
p0 , depending on the grid size. Say, for R defined in (9), we search
±5 around p0 .
The restriction can be computed at once by forming directly the
operator R = RN . . . R1 ∈ RmN ×m for a total computational cost
of O(m2N nr) + O(mnr) operations for
√ Algorithm 2. A natural
choice for mN is therefore mN = O( m) so that the computational cost of Algorithm 2 would be asymptotically equivalent to
HALS.

3. IDENTIFIABILITY
Now we present some results on the identifiability of NuMF, i.e.,
when does solving NuMF give a unique solution. We first define
m
the support of a vector x ∈ U+
as supp(x) := {i ∈ [m] | xi 6= 0}
= [a, b], where the second equality is due to the fact that the support
of all Nu vector contains only a single close interval. Then, we define
the notion of strictly disjoint between supports as follows.
m
Definition 4 (Strictly disjoint) Given two vectors x, y ∈ U+
with
supp(x) = [ax , bx ] and supp(y) = [ay , by ]. The two vectors are
called strictly disjoint if ax > by + 1.

Remark 3 Other related concepts to strictly disjoint are adjacent
and overlap [8, Section 5.3], which we do not discuss in this paper.
3.1. Preliminary results on identifiability of NuMF
Here we give the identifiability result of NuMF for two special cases.
Theorem 2 Assumes M = W̄H̄. Solving (2) recovers (W̄, H̄) if
1. W̄ is Nu and all the columns have strictly disjoint support.
2. H̄ ∈ Rr×n
has n ≥ 1, kh̄i k∞ > 0 for i ∈ [r].
+
Proof Assume there is another solution (W∗ , H∗ ) that solves the
NuMF. The columns w̄j contribute in M a series of disjoint unimodal components. For the solution W∗ H∗ to fit M, each wi∗ has
to fit each of these disjoint component in M, and hence W∗ recovers
W̄ up to permutation. There is no scaling ambiguity here because
of the normalization constraints wi> 1 = 1. Moreover, W∗ and W̄
have rank r, since their columns have disjoint support, and hence
H∗ and H̄ are uniquely determined (namely, using the left inverses
of W∗ and W̄), up to permutation.
The assumptions in Theorem 2 are strong, but are satisfied in many
GCMS data. Furthermore, the theorem holds for r ≥ n which is
uncommon for most NMF models [1].
We now present another result on general identifiability for
NuMF with r limited to 2. This result is general in the sense that it
includes vectors with overlapping supports, which is not addressed
in the previous theorem. First we have the following lemma on
demixing two Nu vectors with non-fully overlapping supports:
Lemma 1 (On demixing two non-fully overlapping Nu vectors) Given
m
two non-zero vectors x, y in U+
with supp(x) * supp(y) and
supp(x) + supp(y). If x, y are generated by two non-zero Nu
vectors u, v as x = au + bv and y = cu + dv with nonnegative
coefficients a, b, c, d , then we have either u = x, v = y or u = y,
v = x.
Proof
Since x an y have non-overlapping supports, we cannot have u = αv for some α > 0, hence u and v are linearly
independent. Let X
 = UQ, where X := [x, y], U := [u, v]
a c
and Q :=
≥ 0. The conditions that x, y are Nu with
b d
supp(x) * supp(y) and supp(x) + supp(y) imply x 6= 0, y 6= 0,
x 6= y and
supp(x) * supp(y) =⇒ ∃i∗ ∈ [m] s.t. xi∗ > 0, yi∗ = 0,
(10)
supp(y) * supp(x) =⇒ ∃j ∗ ∈ [m] s.t. yj ∗ > 0, xj ∗ = 0.

Then x 6= y and u 6= αv imply X, U, Q are all rank-2, hence


1
d −c
, ad − bc 6= 0.
(11)
U = XQ−1 = X
−b a ad − bc

decompose the data into individual Nu components, while for the
other two models, some components are highly mixed with multiple
peaks. Note however that the relative error kM − WHkF /kMkF
is similar for the three methods, and around 10%.

Put i∗ , j ∗ from (10) into (11), together with the fact that x, y, u, v
are nonnegative give Q−1 ≥ 0. Lastly Q ≥ 0 and Q−1 ≥ 0 imply
Q is the permutation of a diagonal matrix with positive diagonal
[9], where here the diagonal matrix is the identity. 
Now we can present the general identifiability of NuMF for r = 2.
Theorem 3 Assumes M = W̄H̄. If r = 2, solving (2) recovers
(W̄, H̄) if the columns of W̄ satisfy the conditions of Lemma 1 and
H̄ ∈ Rr×n
is full rank.
+
Proof It follows directly from Lemma 1.
Theorems 2 and 3 address the identifiability of NuMF from two angles: the number of columns in W and how the supports of wi interact. Neither of the theorems is complete. Generalizing these theorems to all possible interactions between supports of wi for r ≥ 3
is a topic of further research.
4. EXPERIMENTS
We now present experiments on NuMF. The code is available from
https://angms.science/.
Toy example on MG performance. A Nu matrix W and a nonnegative matrix H are constructed with (m, n, r) = (100, 6, 3); see
Fig. 1. The NuMF problem is solved with 0, 1 and 2 layers of MG.
Fig. 1 shows that MG significantly speeds up the convergence: more
than 50% run time reduction for 1 layer MG, and more than 75%
time reduction for 2 layers. This result shows that our method is far
superior in terms of efficiency, as other existing approaches such as
those in [3, 10] that have a similar complexity to Algorithm 2 without MG.

Fig. 1. Experiment on a toy example. Top: The ground truth W
matrix and the data M. Bottom: The curve plotted against time.
All algorithms run 100 iterations and are initialized with SNPA [11].
For algorithms with MG, the computational time taken on the coarse
grid are also taken into account, as reflected by the time gap between
time 0 and the first dot in the curves.
On GCMS data of Belgian beers. We now demonstrate the regularizing power of the unimodality constraint in the factorization,
using a beer dataset [12]. Here M ∈ R518×947
where each col+
umn is a GCMS spectrum. With r = 7, three methods: NuMF,
NMF [1] and separable NMF (SNMF) [13] are used to decompose
the data, and Fig. 2 shows the results. As expected, only NuMF can

Fig. 2. Experiment on beer data. The bottom plots show the W’s
obtained by the three methods.
On data with r > n. We now consider NuMF on the case r > n
(more sources than samples), which is not possible for most other
NMF models. Here a GCMS data vector in R947
is used. With
+
r = 8 > n = 1, we decompose this vector into r unimodal components. NuMF provides a meaningful decomposition; see Fig. 3.
Note that the first two peaks in the data satisfy Theorem 2 and hence
NuNMF identifies them perfectly. For the other peaks, their supports
overlap, and hence the decomposition is not unique. Investigating
the identifiability of NuMF on data with overlapping supports is a
direction of future research.

Fig. 3. On data M (dotted black curve) with r = 8 > 1 = n.
The cyan curves are the components wi hi . Relative error kM −
WHkF /kMkF = 10−8 .

5. CONCLUSION
We introduced NuMF and proposed to solve it by combining APG
and MG. We showed that the restriction operator in MG preserves
Nu, and we present two preliminary identifiability results. Numerical experiments support the effectiveness of the proposed algorithm.
Future works will be to study the general identifiability of NuMF,
and to further improve the algorithm using for example peak finding
algorithms; see Remark 2.
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