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SUMMARY

In this paper, we find necessary and sufficient conditions to identify pairs of matrices X and Y for which
there exists A € C™" such that A + A* is positive semidefinite and AX =Y. Such a A is called a
dissipative mapping taking X to Y. We also provide two different characterizations for the set of all
dissipative mappings, and use them to characterize the unique dissipative mapping with minimal Frobenius
norm. The minimal-norm dissipative mapping is then used to determine the distance to asymptotic instability
for dissipative-Hamiltonian systems under general structure-preserving perturbations. We illustrate our
results over some numerical examples and compare them with those of Mehl, Mehrmann and Sharma
(Stability Radii for Linear Hamiltonian Systems with Dissipation Under Structure-Preserving Perturbations,
SIAM J. Mat. Anal. Appl. 37 (4): 1625-1654, 2016). Copyright © 2021 John Wiley & Sons, Ltd.
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1. INTRODUCTION

In this paper, we consider the dissipative mapping problem. Given X,Y € C™™, the dissipative
mapping problem can be divided in three subproblems:

1. Existence: find necessary and sufficient conditions on matrices X and Y for the existence of
matrices A € C™" such that A + A* is positive semidefinite and AX =Y.

2. Characterization: characterize all such dissipative matrices taking X to Y.

3. Minimal norm: characterize all solutions to the dissipative mapping problem that have
minimal norm. In this paper, we focus on the Frobenius norm, which is the standard in the
literature.
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2 M. BAGHEL, N. GILLIS, P. SHARMA

The dissipative mapping problem belongs to a wider class of mapping problems: for X,Y &
C™™ the structured mapping problems require to find A € § C C™" such that AX =Y, where
S stands for the structure of the mapping. The mapping problems have been extensively studied
in [14] and [1, 2] for the structures that are associated with orthosymmetric scalar products. These
include symmetric, skew-symmetric, Hermitian, skew-Hermitian, Hamiltonian, skew-Hamiltonian,
Hermitian, skew-Hermitian, persymmetric, and per-skew symmetric matrices. If S C R™", then it
is the real structured mapping problem. In particular, for given X,Y € C™™, the real dissipative
mapping problem is to find A € R™" such that A + AT is positive semidefinite and AX =Y.

The structured mapping problems occur and are useful in solving various distance problems
related to structured matrices and matrix polynomials, see for example [5, 6, 18, 19, 20] and the
references therein. A mapping problem closely related to the dissipative mapping is the positive
semidefinite (PSD) mapping, when & is the cone of Hermitian positive semidefinite matrices.
The PSD mapping problem has been recently solved and used in [18, 19] to derive formulas for
structured distances to instability for linear time-invariant dissipative Hamiltonian (DH) systems.
DH systems have the form

i(t) = (J — R)Qux(t), (1)

where z(t) is the state vector at time ¢, J* = —J € ™", R* = R € ™" is positive semidefinite
and is referred to as the dissipation matrix, and Q) = Q* € F™" is positive definite and describes
the energy of the system via the function x — z*Qx. When the coefficient matrices in (1) are
complex, that is,. F = C, then it is called a complex DH system, and when the coefficient matrices
in (1) are real, that is, F = R, then it is called a real DH system. Such systems are special cases
of port-Hamiltonian systems; see for example [8, 22, 23, 18, 19]. A linear time-invariant (LTT)
control system & = Ax with A € C™" is called asymptotically stable around its equilibrium point
at the origin if (i) for any € > 0, there exists d; > 0 such that if ||z(o)| < 1, then ||z(t)| <€,
for all ¢ > ¢o, and (ii) there exists d2 > 0 such that if ||x(to)|| < d2, then x(t) — 0 as ¢ — oo. It
is called stable if only (i) holds. An equivalent algebraic characterization of stability is given in
terms of spectral conditions on A: the system @ = Ax is called stable if all eigenvalues of the
matrix A are in the closed left half of the complex plane and those on the imaginary axis are
semisimple. It is asymptotically stable if all eigenvalues of A are in the open left half of the complex
plane. The concept of distance to instability (a.k.a stability radius) was introduced by Hinrichsen
and Pritchard [10], also see [11, 13] for the stability radius of interconnected finite-and infinite-
dimensional systems.

Any LTT stable system can be represented in the form (1) of a DH system [7]. DH systems are
always stable and remain stable as long as the perturbations preserve the DH structure. Still, they
may have eigenvalues on the imaginary axis, i.e., they are not necessarily asymptotically stable.
Therefore it is useful to know the distance to asymptotic instability for DH systems [18, 19] defined
as the smallest norm of the perturbation that makes system lose its asymptotic stability. Studying this
question is an essential topic in many applications, like in power system and circuit simulation, see,
e.g., [16, 17, 15], and multi-body systems, see, e.g., [9, 24]. This is also useful in some specific
applications, e.g., the analysis of disk brake squeal [18, Example 1.1], of mass-spring-damper
dynamical systems [19, Example 4.1], and of circuit simulation and power system modelling [18,
Example 1.2], where the interest is in studying the stability or the instability under perturbation
of the matrices J, R and (. In the DH modelling of physical systems, the matrix J describes the
energy flux among the system’s energy storage elements, and R represents the damping effects in
the system. Thus perturbing .JJ and R together, or only one at a time, is of particular interest.

In [18], the authors derived various distances to asymptotic instability for DH systems (1) while
focusing on perturbations that affect only one matrix from {.J, R, Q} at a time. Similarly in [19], the
authors derived real distances to instability for real DH systems while perturbing only the dissipation
matrix R. The framework suggested in [18] depends heavily on reformulating the instability radius
problem in terms of an equivalent problem of minimizing the generalized Rayleigh quotient of
two positive semidefinite matrices. This reformulation was achieved using minimal norm skew-
Hermitian mappings in case only .J is perturbed, and PSD mappings in case only R or () is perturbed.
However, we note that the framework suggested in [18] does not work if we allow perturbations in

Copyright © 2021 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2021)
Prepared using nlaauth.cls DOI: 10.1002/nla



CHARACTERIZATION OF THE DISSIPATIVE MAPPINGS 3

the DH system that affect more than one matrix from {J, R, @} at a time. Analyzing the stability of
the system (1) when more than one matrix from {.J, R, @} is perturbed is one of the main motivations
of our work.

In this paper, we focus on perturbations of DH systems that affect both J and R simultaneously.
More precisely, we find (see Section 5) that the minimal-norm solution to the dissipative mapping
problem can be a necessary tool in computing the structured distance to asymptotic instability for
DH systems (1) when both J and R are simultaneously perturbed.

1.1. Contributions and outline of the paper

In Section 2, we present some preliminary results that will be needed to solve the dissipative
mapping problem. For the solutions to the dissipative mapping problem, we present two different
characterizations in terms of three matrix variables K, G,Z with symmetry and semidefinite
structures. Both characterizations have an advantage over each other. The first characterization (see
Section 3) results in a straightforward computation of the minimal-norm solutions to the dissipative
mapping problem, but the matrix variables K, GG, Z are highly constrained. We also derive necessary
and sufficient conditions for solving the real dissipative mapping problem and compute solutions
that are of minimal Frobenius norm. The second characterization (see Section 4) has the advantage
of having a simple form in terms of matrix variables K, G, and Z. On the other hand, it is unclear
how to find minimal-norm solutions via this second characterization. The minimal-norm dissipative
mapping is used in Section 5 for studying the structured distance to instability for DH systems (1)
for simultaneous perturbations of .J and R. In Section 6, we present numerical examples comparing
these distances to instability with those of [18] where perturbations affect only one of the matrices
J, R, or Q.

Notation In the following, we denote the identity matrix of size n x n by I,,, the spectral norm of a
matrix or a vector by || - ||, and the Frobenius norm by || - || . The Moore-Penrose pseudoinverse of a
matrix or a vector X is denoted by X, and Px = I, — X XT denotes the orthogonal projection onto
the null space of n x n matrix X ™. For a square matrix A, its Hermitian and skew-Hermitian parts
are respectively denoted by Ay = 44~ and Ag = 454~ For A = A* € F*", where F € {R,C},
we denote A > 0 (A <0) and A = 0 (A <) if A is Hermitian positive definite (negative definite)
and Hermitian positive semidefinite (negative semidefinite), respectively, and A(A) denotes the set
of all eigenvalues of the matrix A. For a given matrix A € C™™, we use the term SVD to denote the
standard singular value decomposition of A, and reduced SVD for the decomposition A = U3, V¥
in which ¥ is a square diagonal matrix of size equal to rank of A, r, with the nonzero singular
values of A on its diagonal, and U; € C™" and V; € C™" have orthonormal columns.

2. PRELIMINARIES

In this section, we discuss some basic results from the literature and derive some elementary lemmas
that will be necessary to solve the dissipative mapping problem.
Let us start with two well-known lemmas for positive semidefinite matrices.

Lemma 1
[12]Let Pe C™™ and X € C»™. If P = 0, then X*PX > 0.

Lemma 2
[4] Let the integer s be such that 0 < s < n, and R = R* € C™" be partitioned as R = { g C; ]
with B € C*5,C € C*"%% and D € C"~*"~%, Then R > 0 if and only if
1. B>0,
2. null(B) C null(C), and
Copyright © 2021 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2021)
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4 M. BAGHEL, N. GILLIS, P. SHARMA

3. D — OBTC* = 0, where B denotes the Moore-Penrose pseudoinverse of B.

Next, we state a result [1, Theorem 2.2.3] for skew-Hermitian mappings in terms that allow a
direct use in deriving the second characterization for dissipative mappings.

Theorem 1
Let X,Y € C™* and define S := {A € C»": A* = ~A, AX =Y}. Then S # () if and only if
(X*Y)* = —X*Y. Further, if S # (), then
S={YX'—(YX') + (X' X*YX"+PxZPx: ZeC"", Z*=-Z}.
Lemma 3 o
[3, Lemma 3.3] Let A, B € C™?. Then [A A][B B]' is a real matrix.

The next two lemmas will be used in deriving real dissipative matrices taking a complex
X € C™™ to acomplex Y € C™™.

Lemma 4
Let X,Y € C™* be such that M = ([X X|*[Y Y]+ [V Y]*[X X])~! exists. Then [X X|M[Y Y]*
is a real matrix.
Proof
O Ik kk : -
LetQ = . ol where O € C** is the zero matrix. Then
k

(X X|M[Y Y]* = [X X|Q?MQ?[Y Y]* = ([X X]Q)(QMQ)(Q[Y Y]*) = [X X|QMQ[Y Y",

because [X X]Q = [X X] and Q[Y Y|* = [Y Y]*. Thus we prove the assertion by showing that
QM@ = M. This follows from the following derivations:

QMQ = QX XP[YY] + [Y YI[X X))1Q
— QX XY Y]+ [Y VX X))1Q
QX XYY+ Y VX X)) Q
— QX X[ [Y Y]+ [V YJ[X X))'Q

O
We close the section by discussing some simple mapping results that will be necessary to compute
the structured distances to instability in Section 5.

Lemma 5
Letz € C2and y € C". Then

2 2
A
ll’lf{ E ||AJ||? : Al,AQ Ecr’q,(Al—Ag){E—y} —11’1f{|2||F IAG(CT’q,A.’E—y}. 2)

j=1
Proof

First, let A € C™? such that Az =y, and set A; = A/2 and A; = —A/2. Then (A; — Ag)z =

2 2 2
Az =y, and || Ay |5 + || Ag|5 = HA4HF + ”A4”F = ”AQHF. This implies “<” in (2). Conversely, let
A1, Ay € C™7 be such that (A1 — Ay)x =y, and set A = A; — Ay. Then Az = y and
2 2 2
Al =141 = Azlp < (A1l + 122l )

18213 + 18215 + 2011 122
2 (1Al + 11223

IN
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CHARACTERIZATION OF THE DISSIPATIVE MAPPINGS 5

Thus 1205 < A, + || Az |2 This implies “>” in (2). O

Lemma 6
Let z,y € C". Then

lnf{HAlH; + HAQH; : AlaAQ € (CT’TaAT = 7A1aA2 = Ov (Al - AQ):E = y}
:inf{\|A||§; A€C™, A+ A* tO,Ax:y}. 3)

Proof

The idea behind the proof is similar to Lemma 5. Let A € C™" be such that A + A* > 0 and
Az =y. Set Ay = Ag and Ay = —Apg. Then clearly A7 = —A;, Ay < 0since A + A* = 0, and
(A1~ Ap)r = Az =y. Also [|Ay%+ [ Aal2 = | As|2 + [ Anll% = [ A|%. This implies “<”
in (3). Conversely, let Ay, Ay € C™" be such that AT = —Aq, Ay <0, and (A — Ay)z = y. Now
set A = A; — A,. Then clearly Az = y and A + A* = —2A5 = 0, since A, < 0. Further we have
that [ A2 = [ As]% + |Ax 5 = [|AL]% + [ Ao |2 This proves *>” in (3).

Lemma 7
[18, Theorem 2.8] Let B € C™" with rank(B) =r, x € C" \ {0}, y € C™\ {0}, and let A € C"".
Then BAzx = y if and only if Az = Bfy and BBy = 1.

3. FIRST CHARACTERIZATION OF DISSIPATIVE MAPPINGS

In this section, we derive the first characterization of dissipative mappings. This characterization
allows us to find the minimal Frobenius norm solutions to the dissipative mapping problem which is
shown to be unique. This minimal-norm solution will turn out to be a necessary tool in computing
the structured stability radius in Section 5. For given X € C™™ and Y € C™", we define the set of
dissipative mappings from X to Y as follows

S(X,Y):={AeC™ : A+A* =0, AX =Y}.

We will need the following lemma in characterizing the set of all solutions to the dissipative
mapping problem.

Lemma 8

Let X,Y € C™»™. Suppose that rank(X)=p and consider the reduced singular value
decomposition X = U X,V withU; € C*P, 3, € CPPand V, € C™P. If X*Y 4+ Y* X = 0, then
Uy (YXT+(vXH") Uy = 0.

Proof
Since X = U; %, V", we have Xt = VlEflUf. Thus

XY+Y*X =0 VIS UFY + YU S,V = 0

Vi (MBS 07Y + YU 5,V ) Vi =0 (. usingLemmal)
SiUTY VL + VY U8, = 0 (Vi = 1)
ST SUTYV VYU S = 0

UyYE  + 357V Y U, = 0

Uf (YWSTUF + U ST VY ) U = 0

rirreret

Uy (YXT + (YXT)*) U, = 0,

which completes the proof. O

Theorem 2
Let X,Y € C™™, and suppose that rank(X) = p. Then S(X,Y’) # () if and only if Y XTX = Y and
X*Y + Y*X = 0. Moreover, if S(X,Y) # 0, then

Copyright © 2021 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2021)
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6 M. BAGHEL, N. GILLIS, P. SHARMA

1. Characterization: Let X = UXV™ be the the singular value decomposition of X with U =
[U1 UQ], where Uy € C™P, Then

B UyYXTU, Uf(YXT)'Us+UfZUs |,
S(X,Y) = {U { Uy Xto, Uz (K + G)Us vt
Z,K,G € C™" satisfy (5) — (7)}, (4)
where
G'=-G, K=x0, (5)
null (U7 (VX' + (YXT)*)Uh) € null (U5 (2Y XT + Z9)Uy) (6)

1
K — é(23/)(T + 79 (XxXTY Xt + (YXT)*XXT)T(2YXT +Z=0. (1)
2. Minimal norm mapping:

: 2 _ 2 fy x xt t
LT A7 = 2]V X% — trace (YX)* XXT(YXT)), (8)

where the infimum is uniquely attained by the matrix H := Y XT — (Y XT)"Px, which is
obtained by setting K = 0, G =0, and Z = —2U; (Y X1)*Us in (4).

Proof
First suppose that A € S(X,Y), ie., A+A* =0 and AX =Y. Then YXTX = AXXTX =
AX =Y.ByLemma |

XY +YV*X = X*AX + X*A*X = X* (A + A*)X =0,

since A 4+ A* > 0. Conversely, suppose that X and Y satisfy Y XTX =Y and X*Y + Y*X > 0.
Then the matrix  satisfies HX = Y XTX =Y and

H+H = YXT— (XN Py+¥XH —pyyxt
= (vxH'xxt+xxt(yxh (- Px =1, — XXT)
— xxt ((YXT)* i YXT) xxt  (oxtxxt=xt (xxt = xxh
= Ui (vxh +yxhooy (o xxt=007)

- [ Uﬂ{vf((m*)*wxm 0

0 [0 O]

1Y

0,

where the last identity follows by using Lemma 8, since X*Y + Y*X > 0, and by Lemma 1.
Next, we prove (4). First suppose that A € S(X,Y), i.e, A+ A* =0 and AX =Y. Let

Y= { Z01 8 ] andV =[ Vi V3 |, where V; € C™P, V, € C™™~P, and 1 € CP? such that

X = U %, V;* is the reduced SVD of X. Then X* = V;%,U; and XT =V, %7 'U;. Consider
A=UU*AUU* and A = U*AU = Ay + Ag, where

Hyy Hyp

Ay =U*AxU =
H H |:Hik2 H22

N o 7r* _ Sll 512
] and As—U ASU_[STQ 522:|.

Clearly, |Alp = H&HF and also Ay = 0 <= Ay = 0. As AX =Y, we have
UAUUXUYﬁA[UJ}X{U;Y}

. Hyy + S11 Hiz + S12 V| | Uy

Hiy — 51y Hzo+ S22 0 uzy |-

Copyright © 2021 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2021)
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CHARACTERIZATION OF THE DISSIPATIVE MAPPINGS 7

This implies that
(Hip + S11) 51V = UYY, )

and
(HTZ - sz) 21‘/1* = UJY- (10)

Thus from (9), we have Hy, + Sy = Ui YV ! = Uy Y XTU,, since XT =V %'U; and
XtUy = V421! This implies that

i )+ B _ (Y X

Note that since X*Y + Y*X > 0, in view of Lemma 8, we have that H;; = 0. Similarly, from (10)
we have Hy, — Sf, = UsYVi X7 = Us Y XTU,. This implies that

Hyy = U (YXT)* Uy 4 S, (12)
where S5 € CP:"~P is a matrix variable. Thus from (11) and (12), A has the form

[ Uy Xty U (YXT)Us + 2510

U;YXTUl Hao + S99 ’

Ai * *
H{y — STy Hao+ So

where Hos, Soo € C* PP and S15 € CP-" P are such that EH = 0 and Es = —5’5 That means,
in view of Lemma 2, S satisfies that S5, = —S22, and Has and S)o satisfy the following
constraints: Hos = 0,

Ur(YXT+ (YXT)*)U,
2

t
Hy — (U3Y XU, + Si})( > (UsY XU, + 85,)* =0, (14)

and

null (U1 (YXT 4+ (YXN)" Uy

5 > Cnull (U3YXTU, + S7,) . (15)

Thus from (13), we have

R Uy YXTU, Up(YX1)*Uy + 2512 Uy
A = UAU"= [ Ur U ] [ UQ*YXTUl Hyo + Sao us |- (16)
By setting Z = 2U1312U5, K = UQHQQU;, G = UQSQQU;, and by llSiIlg the fact that U1Uik +

U,Uy =U0U" = 1,, U Uy = xXXxt, UiU, = I, and UyU; = I,,_,, we obtain that

AU U;YXtu, Up(YXT) Uy, 4+ U ZU, U
- U;Y XU, Us (K + G)Us ’

where G, Z, and K satisfy the conditions (5)—(7). This proves “ C ” in (4). For the other inclusion
in (4), let

AU { Uy YXTU, Up(YXY) U, +UsZU, } .

U;yXtu, U; (K + G)Usy
where G, Z, and K satisfy the conditions (5)—(7), which can be written as
A=YX" 4+ (YX)*Px + XXTZPx + Px KPx + PxGPx. (17)

Clearly AX =Y since YXTX =Y and Px X = 0. Also A + A* > 0. Indeed,

DY AU — U;YXtu, U (YXT)*Uy 4+ U ZUs
| oy xtu, Us (K + G)Us ’

Copyright © 2021 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2021)
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8 M. BAGHEL, N. GILLIS, P. SHARMA

and thus

. . Ur (YXT+(YXT)) Uy 207 (YXT)*Us + Uy ZUs
= -
Ur(A+ AU [ WY XU, + U3 2°U, W KU, z 0,
because of Lemma 2, since K, Z, G satisfy (5)—(7). This completes the proof of (4).
Suppose that S(X,Y) # () and let A € S(X,Y), then from (13) A satisfies

2

)

Uy YXtu, Up(YX1)*Us + 2812 }
F

2 X
HA”F = HA”F = H { U;YXTUl Hos + Soo

where Sip € C"~P"~P satisfies that S5, = —S22, and Hoy € C*"P"7P and Sy € CP7P
satisfy (14) and (15). This implies that

* 2 * 2 * * 2
1A = NUFY XU + UsY XU | + |UF (Y XT) Uz + 2S12]| + | Hoo + Szl
2 x " 2
= IYXTUL |5+ |UF(YXT) Uy + 212  + | ool + || Sao[%, (18)

where the last equality follows as |[UFY XU, |5 + |UsY XTU |5 = [UY XTU |5 = [V XU, |5
because || - || is unitary invariant, and by the fact that for any square matrix A = Ay + Ag we have
I|A|l% = | Ak + | As||3. Further, from (18) we have that

|AIE 2 1Y X O + U7 (VXY Uz + 2810l

where the lower bound is attained by setting Hoo = 0 and Se2 = 0. Thus any A € S(X,Y) satisfies
JAIG > Y XTI + U7 (YXT)U + 2807

where S5 satisfies (14) and (15) with Hss = 0, but the only .S1- that satisfies (14) with Hog = 0 is

S12 = Ui (YXT)*Us because Uy (Y XT) + (YX1)*) Uy = 0. Hence by setting Ha = 0, Sz2 =
0, and S12 = —U; (Y XT)*Us in (13), we obtain the unique matrix

A

(U U] Uy xXtu, Ul(YX)UQ]{Ul}

U3y Xiu, 0 Us
(WU + UL UNY XTUUF — U U (Y XY ULUS
= YX'xxt - xxT(yx")px
= vXxI—(vxh)px
= H
which implies that (8) holds. 0O
The following corollary of Theorem 2 for the vector case (m = 1) of the minimal norm dissipative

mapping is of particular interest for us as it will be used in Section 5 in finding the structured stability
radius for DH systems when both .J and R are perturbed.

Corollary 1
Let z,y € C™\ {0}. Then S(z,y) # 0 if and only if Re (z*y) > 0. Moreover, if S(z, y) # 0, then

2 lyll® ="yl
1Al = 2 - (19)

1mn.
A€S(z,y) z)> [zt

* * *

where the infimum is attained by the unique matrix H := ﬁ”z — ”IfHQ + (y*x) ﬁlp

3.1. Real dissipative mappings
For X,Y € C™™, if we consider the real dissipative mapping problem, i.e., finding A € R™" such
that A + AT = 0 and AX =Y, then the minimal Frobenius norm solution can be easily obtained

Copyright © 2021 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2021)
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CHARACTERIZATION OF THE DISSIPATIVE MAPPINGS 9

from Theorem 2. To see this, observe that for a real A, AX =Y if and only if A[X X|=[YV Y].
In the following, we show that if there exists a complex dissipative mapping A so that AY =Y

where X = [X X]and Y = [Y Y], then there also exists a real dissipative mapping. Moreover, from
Theorem 2, we can easily find a minimal norm real dissipative mapping taking X to Y.

Theorem 3

Let X,Y € C»™, and define Sg(X,Y) ;== {A € R™" : A+ AT =0, AX =Y}. Let X = [X X]
and ) = [Y Y]. Suppose that rank(X') = p. Then Sg(X,Y) # () if and only if YXTX =) and
X*Y + YV*X = 0. Moreover, if Sg(X,Y") # () and if we consider the singular value decomposition
X = UXVT with U = [U; Uy|, where U; € C™P, then the set

{U[ Ui yXTU, Up (VXY Us + Ui ZUs U*: Z,K,GeR™™ satisfy(20)—(22)},

Uzyxtu, Uz (K + G)Uy
where
GT=-G, K=o, (20)
null (U7 (VAT + (YxHT)Uy) € null (U3 2YXT + Z7)Uy) 1)
K — %(23}2& + 77 (xxtyxt 4+ (yXT)TXXT)T(zyXT +zTT =0, (22)

is contained in Sg (X, Y). Further,

inf AR = 2yt —t xhyxatoyat
el 1Al = 21T = trce (G 2T D).

where the infimum is attained by the matrix H := YXT — (VX T)*PX.

Proof

In view of Lemma 3, the proof follows from Theorem 2. Indeed, from Theorem 2 there exists
A € S(X,Y) if and only if YXTX = Y and X*Y + Y*X = 0. Assuming the latter two conditions
hold true, and consider a family of mappings defined by

U yXtU, UF (VXY Uy + U ZU,y

AZKG =Vl pryxty, UK +G)Us

U,
where Z, K, G € R™" satisfy (20)-(22). Using Lemma 3, it is easy to check that A(Z, K, G) is real,
which implies that A(Z, K, G) € Sg(X,Y) since Sg(X,)) = Sg(X,Y). Further, we have that
inf Al < inf All -, 23
act ) [A]lp < LA 1A]| (23)

and the left hand side infimum in (23) is attained by the unique map H = YXt — (Y& T)*PX.
Observe from Lemma 3 that the matrix # is real, that is, 1 € Sg(X,Y). This implies that

: 2 _ 2 _ 2 _ tyx vyt 1
pede ) 181 = e = 20V — trace (VA1) XATYVAT)), 24)

which completes the proof. [

4. SECOND CHARACTERIZATION OF DISSIPATIVE MAPPINGS

In this section, for given X,Y € C™™ \ {0} such that X*Y +Y*X is of full rank, we provide
a different characterization of dissipative mappings from X to Y. The main advantage of this
characterization over Theorem 2 is that it is explicitly in terms of the matrix variables K, 7, G €
C™™ such that K =0 and G* = —(G, and the matrices K, Z,G do not have to satisfy other
constraints like (5)-(7). However, extracting the minimal Frobenius norm solutions from this
characterization cannot be obtained easily.

Copyright © 2021 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2021)
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Theorem 4
Let X, Y € C™™ \ {0} and suppose that M := (X*Y + Y*X)~! exists. Then S(X,Y) # 0 if and
only if X*Y +Y*X = 0and Y XX = Y. Moreover,

S(X,Y)={H+HK,G,2)|K,G,ZcC"" K =0, G*=—-G}, (25)
where H and H are respectively defined by
H = % (YXT - XT*Y*) + %{YMY* +YMXYXT 4+ (VX X MY
H(yxt )*XMX*YXT} (26)
and
H(K,G,Z) = % (PXKPX PGPy — PxZ* X X'+ XU X1 2Py + YMX*ZPx
HY XN XMX*ZPx + PxZ*XMY* + Px Z*XMX*Y X + PXZ*XMX*ZPX). @7)

Proof
If there exists A such that AX =Y and A + A* > 0, then

X*Y +Y*X = X*(Y + A*X) = X*(A + A")X.

This implies that X*Y + Y*X is positive definite as A + A* > 0 and X*Y 4 Y*X is invertible.
For the converse, let X, Y be such that X*Y + Y*X > 0. Then the matrix H in (26) is well defined
and satisfiles HX =Y. Also H + H* is a positive semidefinite matrix of the form BB* for some
B € C™™. Indeed, if we let M = M, M;, where M, is the Cholesky factor of M, then we have

H+H" = YMY*+YMX'YXT +(YXI)*XMY* + (YXT)*XMX*Y X'
= (YMy+(YX") XM)(YM; + (YXT)"XM)"
= BB,

where B =Y M, + (Y XT)* X M.
Next we prove “ C” in (25). For this, let A € S, that is, AX =Y and A + A* > 0. By [25,
Lemma 1.3], there exists Z € C™"™ such that

A=YX"+ ZPx. (28)

Also, we can write A as ALA A_A
+ * _ *
A= . 29
5 T (29)
Now since A + A* »= 0 we have A + A* = A*A for some A € C™". This implies that (A +
A*)X = A*AX and thus AX + A*X = A*AX. By setting W := AX, we obtain Y + A*X =
A*W because AX =Y. This yields the mappings AX = W and A*W =Y + A*X. The matrices
X, Y and W satisfy

X' Y+AX)=X"Y+ X' A'X =X"(A+ A"X, = X"A"AX = W*W, (30)
YXTX =Y and WXTX = W. Therefore, from [19, Theorem 2.1], A can be written as
A=wWXT+ (Vv + 2 X)WH — (¥ + 2 x)WhH XXT+ (I, - WWHRPx, (3D
for some R; € C™™. This can be further simplified as
A= (Y +A"X)WH* + (I, - WWH R Px, (32)

Copyright © 2021 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2021)
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using the fact that (Y +A*X)W))*XXT = WX, since (Y +A*X)*X = W*W. Thus
from (32), we have

A A
= ((V+ A X W)+ (L = WWH Ry Px ) (0 + A" XOW)" + (1, = W) Ry Py )
= (Y + A" X)M(Y + A*X)* + Px R; (I, = WWT) (I, - WWT) R, Px. (33)

Define K := R} (I, — WWT) (I, - WWT) Ry, then K = 0, and from (33) we have
A*A = (Y + A*X)M(Y + A*X)" + PxKPx. (34)

Now we consider the skew-Hermitian part A — A* of A. Let S = A — A*. Then SX = AX —
A*X =Y — A*X. Again since

X*(Y —A*X) = X*AX — X*A*X = X (A - A)X = —(Y* - X*A)X = —(Y — A*X)*X,
by Theorem 1, we have
S=Y -AX)XT— (Y — A*X)XT)*Px + PxGPx, (35)

for some skew-Hermitian matrix G € C®". By inserting A = Y X'+ ZPx from (28) and
WHWH* = (Y + A*X)*X)~! = (X*Y + Y*X)~!in (34) and (35), we respectively obtain

A*A = YMY*+YMX'YX' +YMX*ZPx + (YX)* XMY*
+ (YX)Y'XMXYX' 4+ (YX)'XMX*ZPx + PxZ*XMY*
+ PxZ*XMX*YX'+PxZ*XMX*ZPx + PxKPx, (36)
and
S=vXT - xT"y*xxt —Pyz2*XXT - XTv*Py + X" X1 ZPy + PxGPx. (37)

By inserting A + A* = A* A from (36) and A — A* = S from (37) in (29), and by separating the
terms with and without matrices G, K, Z, the matrix A can be written as

A=H+H(K,G,Z).
This proves “ C ” in (25). B
Now, let us prove “ D 7 in (25). Suppose, A = H + H(K, G, Z), where H is defined in (26) and

I?(K, G, Z) is defined in (27) for some matrices G, K, Z € C™™ such that K > 0 and G* = —G.
Then it is easy to check that AX = Y since H and H satisfy HX =Y and H(K, G, Z)X = 0. Also

A+A*=(H+HK,G, 2))+ (H+H(K,G,Z)) = 0. (38)
Indeed,

(H+H(K,G,2))+ (H+H(K,G,2))"
= (H+H*) + (H(K,G,2) + H(K,G, Z)")
=YMY*+YMX*YX +(YXT)*XMY*+(YX)*'XMX*YXT+(YX)*"XMX*ZPx
+YMX*ZPx + PxZ*XMY* + PxZ*XMX*Y Xt + PxZ*XMX*ZPx + PxKPx
= BB* + PxKPx, (39)

where B =Y M, + (YXV)*(XM,) +PxZ*XM,, and M = M, M; where M; is the Cholesky
factor of M. The first term in (39) is PSD being a matrix of the form BB* and the second term is
PSD because K > 0. Thus (39) is PSD being the sum of two PSD matrices. Hence A € S(X,Y).
This shows “ D ” in (25) and hence completes the proof. [
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Remark 1

The assumption that X*Y + Y* X is invertible is not necessary for the existence of a dissipative
mapping which only requires X*Y 4+ Y*X to be positive semidefinite; see Theorem 2. This
assumption is more of a technical need for the second characterization of dissipative mappings
in Theorem 4. However, there are situations, such as computing the eigenpair backward error for
DH matrices, where one has to find dissipative mappings taking X € C™" to Y € C™" such that
X*Y + Y*X is invertible. For example, consider a DH matrix J — R with @Q = I,,, A € C which
is not an eigenvalue of J — R, and X € C™" with rank(X) = r. Then the structured eigenpair
backward error for the DH matrix J — R, for making )\ an eigenvalue of multiplicity » and
the columns of X as the corresponding eigenvectors, is the smallest norm of the perturbations
Ay — Ag such that (J — Aj) + (R — Ag) is a DH matrix and ((J — Ay) + (R — Ag))X = AX.
By Lemma 6, the latter condition is equivalent to finding a dissipative mapping A such that AX =
Y, where Y = (A, — (J — R))X. Such a dissipative mapping exists if and only if X*Y + Y*X =
2X*(Re (M1, + R)X > 0. Hence if Re (\) > 0, then X*Y + Y*X > 0 since R > 0.

A result analogous to Corollary 1 for the vector case (when m = 1), where the conditions on the
vectors x and y are simpler than for Theorem 4, is stated below.

Corollary 2
Let z,y € C™\ {0}. Then S(z,y) # () if and only if Re (z*y) > 0. Moreover, if Re (z*y) > 0, then

S(z,y) ={H+ H(K,G,Z) | K,G,Z € C" K = 0, G* = -G},

where H and H are respectively defined as

1 ym* xy*) Oé{ * * y‘r* * .'L'y* *x 12 xl'*
H:=Z - + o3 + (@Y e W) (27
2 (||x||2 1) "2 ) EE T ER T R
and
~ 1
H(K,G,Z):= 3 (7%1(7% + PGP, + (a(y*z) + Vaa' ZP, + (a(z*y) — 1)P,Z" xat

+aP, 2 xy* + ayxr* ZP, + aPIZ*mx*ZPI),

_ 1
where o = TRe(z77)"

Remark 2

Along the lines of Section 3.1, we can also obtain a second family of real dissipative mappings from
Theorem 4, where the restrictions on matrix variables K, G, Z are more simplified than Theorem 3.
Indeed, let X, Y € C™™. Then for X = [X, X] and Y = [V, Y], from Theorem 4 whenever there
exists a complex dissipative mapping A satisfying AX = ), then there also exists a real dissipative
mapping. In fact, in view of Lemmas 3 and 4, the matrix H in Theorem 4 is real. Moreover,
H+ I;T(K, G, Z) with real K,G,Z € R™" such that K = 0 and GT = —@, gives a family of real
dissipative mappings from X to Y.

5. STRUCTURED DISTANCE TO ASYMPTOTIC INSTABILITY FOR DH SYSTEMS

In this section, we study the structured distance to asymptotic instability for DH systems & =
(J — R)Qux defined in (1). DH systems are always stable, but they are not necessarily asymptotically
stable. In [18], the authors have obtained various structured distances to asymptotic instability for
complex DH systems while perturbing J, R, or ) (only one matrix at a time). Similarly in [19],
the authors derived the real distances to asymptotic instability for real DH systems while perturbing
only R. The main tool in the computation of stability radii in [18, 19] is minimal norm solutions to
Hermitian, skew-Hermitian and semidefinite mapping problems. To compute such radii in the case

Copyright © 2021 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2021)
Prepared using nlaauth.cls DOI: 10.1002/nla



CHARACTERIZATION OF THE DISSIPATIVE MAPPINGS 13

of perturbing both J and R simultaneously, we will need minimal norm solutions to complex and
real dissipative mappings that map one vector to another vector.

Therefore, in this section, we exploit the minimal norm solutions to the dissipative mapping
problem from previous sections and derive the structured distance to asymptotic instability for DH
systems while perturbing both J and R at a time. By following the terminology in [18], we define
the unstructured and the structured distances to asymptotic instability for DH systems as follows:

Definition 1
Let F € {R,C}. Consider a DH system of the form (1) and let B € F™" and C' € F?™ be given
matrices. Then we define

1. the unstructured stability radius ry(J, R; B,C) of system (1) with respect to general
perturbations to .J and R under the restrictions (B, C') by

re(J, B B, C) = inf { VIASE + 1ARIE < As,Ag € B9,
A(J = R)Q + B(Ay — AR)CQ) NiR £ @}; (40)

2. the structured stability radius r?”’(J, R; B) of system (1) with respect to structure preserving
skew-Hermitian perturbations to J and negative semidefinite perturbations to R from the set

Si(J.R;B) = {(As,Ar) € (F"")?: Ay =—A;,Agp 20,R+ BARB* = 0}; (41)
by

(R By =inf {\JIAS I+ [ ARIE : (Ag, Ar) € S50 R B),

A((J = R)Q + B(A, — AR)B*Q) mz‘IR;é(Z)}. (42)

In the complex case (F=C), r¢(J,R;B,C) and réd(J, R; B) are respectively called the
complex unstructured and complex structured stability radii. Similarly, in the real case (F = R),
rr(J, R; B,C) and rﬂgd(J, R; B) are respectively called the real unstructured and real structured
stability radii.

In order to obtain bounds for the structured stability radius rgd(J, R; B), we also define the
structured eigenvalue backward error as follows

(R B = inf { 1A+ I8l £ (Ar,Ar) € S5, i B),
det (J — R)Q + B(Ay — Ap)B*Q — \I,,) = 0}, 43)
where A € C, (J — R)Q is a DH matrix, and the perturbation set SY(J, R; B) is as defined in (41).

Consequently, we have the following result.

Theorem 5
Consider an asymptotically stable DH system of the form (1). Then

g (J, R B) = inf 0@ (J, B B, iw). (44)

5.1. Complex stability radius
Consider a complex LTI DH system of the form

i(t) = (J — R)Qu(t), (45)
where J, R, € C™™ such that J* = —J, R* =R > 0, and Q* = @Q > 0. Here, we study the
complex stability radii r¢(J, R; B, C') and rg"’ (J, R; B).

Inspired by the proof of [10, Proposition 2.1], we obtain the following formula for the
unstructured stability radius rc(J, R; B, C).

Copyright © 2021 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2021)
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Theorem 6

Consider an asymptotically stable DH system of the form (45). Let B C™" and C €
C%™ be given restriction matrices. Then r¢(J, R; B,C) is finite if and only if G(w):=
CQ (iwl, — (J — R)Q) ™" B s not zero for some w € R. In the latter case, we have

re(J,R; B,C) =

waR HG( Ik

Proof

In view of (40), note that for any A, Ar € C™¢ A((J —R)Q+ B(A; — AR)CQ) N iR #(
if and only if det((J — R)Q + B(A; — Ar)CQ — iwl,) =0 for some w € R if and only if
det (I, — (Ay — Ar)G(w)) = 0 for some w € R. Using this in (40), we have

re( B B,C) = inf {\/I A5+ | Agl% : Ay, Ap € T, w e R

det (I, — (A; — Ap)G(w)) = 0}

= inf,cp inf {\/||A]H2F + HARH; Ay, AR e Cr, 2 € C"\ {0}

(Ay— AR)G(w)x = m} (46)
In view of Lemma 5, (46) becomes
. 2 _ : ”AH%‘ . r,q s _
re(J, R; B,C)* = 1nfR1nf — AeCr xzeC\{0},AG(w)z=x ;. 47
we

Note that r¢(J, R; B,C) > 0. Therefore rc(J, R; B, C) is finite if and only if the inner infimum

in (47) is finite for some w € R, which is true if and only if G (w)~ = 0 for some w ENR. Indeed, if

G(w) # 0 for some w € R then for any « € C" \ {0}, there exists A € C™9 such that AG(w)z = x.
<12

This implies, using (47), that rc(J, R; B, C) < 1512 Using the fact that |A|, > ||A|| for any A

in (47) , we have

(rc(J, R B, C))°
> inf,eg inf {@ CA e,z e C\ {0}, AG(w)z = m} 48)

- 1 1

= 2 Infuer Eop

where the last equality follows by slightly modifying the proof of [10, Proposition 2.1]. In fact, we
have equality in (48) because for any w € R the infimum in the right hand side of (48) is attained
for a rank one matrix A for which we have ||A]| = m = ||A||z [10]. O

Next, using Theorem 5, we derive bounds for réd (J, R; B) via bounds for the backward error
21(J, B; B, ).
Theorem 7
Consider a DH matrix (J — R)Q, where J, R, Q € C™" such that J* = —J, R > 0,and > 0, and

let w € R be such that (J — R)Q — iwl, is invertible. Let B € C™" be of full column rank and
define 2 = null (I, — BB)(iwl, — (J — R)Q)). Suppose that 2 # (). Then

trs . . 2 % . . . 2
VSR B > inf {2”3 (el ~ (7 - R)Q)a|” _ |o*Qliwl, — (J — R)Q)al } )
= 1B Qal 1B°Qal

Moreover, let the infimum in the right hand side of (49) be attained at z € () and define A R =

- A*QRQI% If R+ BAgB* = 0, then equality holds in (49). In this case, we have

\/ia-min (F) Z ngd(‘]a R7 B7 ZU}) Z Omin (F) ’ (50)

Copyright © 2021 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2021)
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with T := BT (iwl,, — (J — R)Q)UW ~*, where the columns of U form an orthonormal basis for
and W is the Cholesky factor of U*QBB*QU.

Proof
By definition (43),

02 (R Biw) = it {\ IS+ |ARl% - (A, Ar) € SF(J, R; B),x € C*\ {0},

((J = R)Q+ B(A, ~ Ap)B*Q — iwl,)w = 0},

inf { /I3 + |ARIE - (As, Ag) € S50, R; B),w € €\ {0},

B(Ay — Ag)B*Qx = (iwl, — (J — R)Q)x},

= it (1A IZ + 18RI < (A, Ar) € SE(L R B),x € 2\ {0},
(Ay — AR)B*Qx = Bl (iwl, — (J — R)Q)x}, (51)
— inf {||A|\F ‘A EeC™, Ap=—(A+A*) 20,R+ BARB* = 0,
v € Q\ {0}, AB*Qz = B (iwl, — (J — R)Q):v}, (52)
> inf{||A||F CA €T, Ap=—(A+A%) <0,z €Q\ {0},
AB*Qx = Bl (iwl, — (J — R)Q)x}, (53)

where we have used Lemma 7 in (51) and Lemma 6 in (52). If Q # (), then infimum
on the right hand side of (53) is finite. In fact, from Corollary | for any x € () there
exists A € C™" such that A+ A* =0 and AB*Qx = Bf(iwl, — (J — R)Q)z if and only if
Re ((B*Qx)*B'(iwl, — (J — R)Q)x) > 0. Clearly for any 2 € ©, we have
Re ((B*Qu)*B'(iwl, — (J — R)Q)z) = Re(2*QBB'(iwl, — (J — R)Q)z)

= Re(z*Q(iwl, — (J—R)Q)z) (. z€N)

= Re(@"((iwQ — QJQ) + QRQ)x)

= Re(z"QRQzx) (. iw@ — QJQ is skew-Hermitian)

= "QRQx >0 (-R*>0,Q>0).

Thus using the minimal norm mapping from Corollary 1 in (53), we obtain

{2||BT(iwIn —(J-RQ)z|* " Qiwl, — (J — R)Q)z|? }
_ . _ . (54)
| B*Qu|| | B*Qz||

Sd . . 2 > .
net (J, Ry B,iw)” > ;Ielg

This proves (49). Now suppose infimum in the right hand side of (54) is attained at & € €2, then in
view of Corollary 1 consider
Bi(iwl,, — (J — R)Q)#3*QB . (BT (iwl,, — (J — R)Q)2)*B*Q%
|B*Qa|* |BQa|*
7B*Q;%(B*(iwfn —(J=-R)Q)z)*
1B*Qz|”

A:

(B*Qz)(B*Q2)"

Then AB*Qi = Bf (iwl, — (J — R)Q)# and A + A* = 0. Set Ap = 242" and A; = A7

Then Ag < 0. Thus, if R + BAgB* = 0, then clearly (AJ, AR) € Sé(l:(J, R; B), and

2

2Bl (iwl, — (] - RQ)® _ |i*Q(wl, — (J - R)Q)f

~ 2 ~ 2 A2
[AsllE + ARl = [AlF = - - -
1B=Qz|” 1B=Qz|"

Copyright © 2021 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2021)
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This show the equality in (54) and hence in (53), i.e.,

. 2 * )
{guBum —(J=RQa|"  |e*Qiwl, — (J — R)Q)xf? } . (55)

Sa CD N2
o’ (J,R; B,iw)* = inf
|B*Qu|® 1B*Qa|*

zeQ

Now suppose k = dim(Q) and let columns of U € C™* forms an orthonormal basis for 2. Then
x(#£ 0) € Qif and only if z = Ua for some o € C* \ {0}. Using this in (55), we obtain

n2(J, R; B, iw)? =

2B (iwl, = (] = R)QUa|” _ |o*U"Q(iwl, = (J = R)QUal |~ oo
|B-QUal® |B-QUal* |

inf
aeCk\ {0}

Note that B*QU is a full rank matrix because if suppose B*QUa = 0 for some « € C* \ {0}. This
implies that R
0=BAB*"QUa = (iwl, — (J — R)Q)Ua,

so that iw € A((J — R)Q) which is a contradiction. Thus the matrix U*QBB*QU is positive
definite. Let U*QBB*QU = WW™, where W is the unique Cholesky factor of U*QBB*QU, then
by using y = W*a and I' = Bf(iwl,, — (J — R)Q)UW ~* in (56), we have

2 F 2 * —177%* - I _ _ —x, |2
vee\{or - [lyll lyl

In view of the Cauchy-Schwarz inequality, note that for every y € C*¥ \ {0} we have
2Tyl” 2Tyl WU QUwl, — (= R)QUW "y _ |ITy|l”

[ S— Iyl Il
Using this in (57) yields

Tyl IIFyH2
in (J R; B,iw)* > in
veCH\(0} |[|y||* ~veCh\o} y)®

and hence
\/igmin (F) Z ngd(‘L R; 37 ’L’U)) Z O min (F) .
This completes the proof. [
By using Theorem 7 in Theorem 5, we obtain a lower bound for the structured stability radius
réd (J, R; B) as follows.

Theorem 8
Consider an asymptotically stable DH system of the form (45). Let B € C™" be of full column
rank. For w € R, define Q,, := null ((1,, — BBY)(iwl,, — (J — R)Q)). Suppose that €2, # 0 for
some w € R. Then

2

S4(J,R; B)*> > inf inf
e B2

2| BT (iwl, — (J — R)Q)z|” _ |2*Q(iwl, — (J — R)Q)x/?
1B+ Qur||* 1B+ Qu||* '

Remark 3
We conclude the section with a few remarks about Theorem 7.

e Since A \ g in Theorem 7 is a rank-one matrix with only one negative eigenvalue, if R > 0 and
R+ BARB* is singular, then from [18, Lemma 4.4] R + BARB* is positive semidefinite,
and this implies the equality in (49).

e As a particular case of Theorem 7, i.e., when w = 0, we obtain the distance to singularity
d®(J, R; B) := n%(J, R; B, 0) with respect to structure-preserving perturbations to both .J
and R from the set S;(J, R; B) which is an analogous result to [18, Theorem 6.2]. Note that
in [18], the structured distances to singularity for DH matrices were obtained for structure-
preserving perturbations to () only.
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5.2. Real stability radius

Consider a real LTI DH system of the form
#(t) = (J = R)Qx(t), (58)

where J, R, Q@ € R™" such that JT = —J, RT = R >0, and Q7 = Q >~ 0. In this section, we
discuss the real unstructured distance rg(J, R; B, C') defined by (40) and the real structured distance
rﬁgd (J, R; B) defined by (42) for real DH systems. For this, define, for a given M € CP>™,

prg(M) = (inf {||A], - A€ R™P, det(L,, — AM)=0})"", (59)
where ¢ € {2, F'}. Let us first state a result from [21] that will be useful in determining the

unstructured distance rg (J, R; B, C).

Theorem 9 ([21])
We have
. Re M —yIm M
2 (M) = wel?of,u 72 ({ v 'ImM  ReM ]) ’

where o2(A) is the second largest singular value of a matrix A. Furthermore, an optimal A that
attains the value of ur 2(M) can be chosen of rank at most two.

Let us now prove a result bounding pr g (M) using pgr 2 (M).

Theorem 10
We have

1

— M) < M) < M). 60

\/Q/J]RQ( ) < ur,p(M) < g 2(M) (60)
Proof
By definition,

pr2(M)™ = inf{|Al,: A€ R™P, det(l,, — AM) =0}
< inf{[|Al|p: A e R™P, det(],, — AM) =0}
= prr(M)71, (61)

since for any A € R, we have ||A, < ||A] z. Now suppose A € R™P such that up o(M)~! =
|All,. Then from the first part A is of rank at most two. This implies that det(I,,, — AM) = 0 and
Az < v2||All,, which yields that

pr, e (M)~ < V2[All, = V2 g 2 (M) (62)

Hence from (61) and (62), we obtain (60). [
As an application of the above theorem we bound the real unstructured distance r(.J, R; B, C).

Theorem 11
Consider a real asymptotically stable DH system of the form (58) and let B € R™" and C' € R%"™
be restriction matrices. Then

1 . _ . _
7 Inf pz»(G(w)) ' <r(J,R;B,C) < inf i (G(w)) !

where MR,Q(G(M))sz%(OJ]@qWf}elg%ﬂ()w) —g{(lergggﬂ)b and  G(w) =

CQ (iwl, — (J — R)Q) "' B.
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Proof
By Definition (40), we have
rr(J,R; B,C)

= inf {112 + ARl Ay, A € RYA(( = RIQ + B(Ay — AR)CQ) NiR £ 0}

= inf {18515 + 1ARI% : Ag, Ap € R, w e R

det (J — R)Q + B(Ay — AR)CQ — iwl,) = 0}

= infyer inf { /415 + [ AR|} : Ay, Ap € R™,

det (I, — (Ay — Ap)CQ(iwl, — (J — R)Q)~1B) = o}

= inf,cr inf { 181e . A € R, det (I, — ACQ(iwl, — (J — R)Q)™'B) = 0} (63)
= J5 infuer (ur,r(G(w) ™, (64)

where G(w) = CQ (iwl,, — (J — R)Q) ' B. The equality (63) follows from Lemma 5, and (64)
follows by definition of ug p(G(w)) in (59). Thus the result follows immediately using the
inequality (62) in Theorem 10. O

We note that a result similar to Theorem 7 for the real backward error, nﬂ‘gd(J, R; B), defined
in (43) may be obtained by using minimal-norm real dissipative mappings from Theorem 3. Thus in
view of Theorem 5 we can obtain a lower bound for the real structured stability radius rﬁzd (J,R; B).
In the following we state this result for nﬂgd (J, R; B) and skip its proof as it is similar to the proof of
Theorem 7.

Theorem 12

Consider a real DH system of the form (58). Let w € R be such that iwl, — (J — R)Q
is invertible. Let B € R™" be of full column rank and let  be the subset of
null ((I,, — BBT)(iwl,, — (J — R)Q)) such that if z € Q then z*QRQz > |27 (iwQ + QRQ)x|.
Suppose that 2 # (). Then

nge(Jy Ry Byiw)? = inf (2|97~ wace (XT) (xxh(x1)) ), (65)

where  for 2€Q, Y=[ Bf(iwl, —(J—-R)Q)z Bf(iwl, — (J - R)Q)z | and
X=[ B"Qx BTQxz |. Moreover, let the infimum in the right hand side
of (65) be attained at Z € () and define AR = jé\?T — (jb’\?T)*P)g, where )NJ =
[ Bi(iwl, — (J - R)Q)Z Bi(iwl, —(J-R)Q)t | and X=[ BTQi BTQzi]. If
R+ BARBT » 0, then equality holds in (65).

Proof
In view of Theorem 3, the proof is similar to Theorem 7. 0O

We close the section by noting that a result analogous to Theorem 8 can be obtain for real
structured stability radius rﬂgd (J, R; B) by using Theorem 12 in Theorem 5.

6. NUMERICAL EXPERIMENTS

In this section, we illustrate the significance of our distances obtained in Theorems 6 and 8 and
compare them with those of [18], where various structured stability radii have been obtained for DH
systems while perturbing only .J or only R one at a time. In the following, 1.b. stands for “lower
bound”, rc(R; B, C) (resp. rc(J; B, C)) denotes the unstructured stability radius while perturbing

Copyright © 2021 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2021)
Prepared using nlaauth.cls DOI: 10.1002/nla



CHARACTERIZATION OF THE DISSIPATIVE MAPPINGS 19

only R (resp. J) with restriction matrices B and C' [18, Theorem 3.3], ré (J; B) denotes the
structured stability radius with respect to structure-preserving perturbations to J [ 18, Theorem 5.1],
and réd(R; B) denotes the structured stability radius with respect to structure-preserving negative
semidefinite perturbations to R [18, Theorem 4.2]. We note that r¢(R; B,C) = rc(J; B, C) [18,
Theorem 3.3]. It is also clear that r¢(J, R; B, C) < rc(R; B, C) and the minimum of rZ(.J; B) and
rfgd (R; B) gives an upper bound to ng (J,R; B).

All the experiments are performed in Matlab Version No. 9.1.0 (R2016b). To compute these
values (or lower bounds), we proceed as follows.

e The formulas for the three radii rc(R; B, B*), r&(.J; B), and rgd (R; B) were obtained in [18]
in terms of some non-convex optimization problems. In [18], the authors used the function
Jfminsearch in Matlab to solve these optimization problems which only gives a local minimum
starting from an initial guess. We instead used the GlobalSearch solver in Matlab, with
its default parameters which attempts to locate the global solution. However, we can only
guarantee that the computed solutions are lower bounds to the exact distances.

e rc(J, R; B, B*): a formula for r¢(J, R; B, B*) is obtained in Theorem 6 which is % times
the unstructured distance rc(R; B, B*).

. ré”(J, R; B): a lower bound for r(‘gd(L R; B) is obtained in Theorem 8. We again used the
GlobalSearch solver in Matlab for this to get a good approximation for the lower bound.

We note that solving the optimization problem involved in (49) and (65) is challenging and beyond
the scope of this paper. This paper aims to solve the dissipative mapping problem and show it is
useful in engineering applications such as DH systems. A possible future work would be to develop
more sophisticated ways to solve (49) and (65).

Example 1
[18, Example 7.1] Consider a prototype example of disk brake squeal problem with the matrices
G, M, K, D from [18]. We consider the DH system & = (J — R)Qx with
-1
_ G K+1iN [ D o [ M0
e e A AR T

We compute the various distances for the restriction matrices B = I, and C' = I, which are given

in the following table:

rc(J, R; B, B*) | rc(R; B, B¥) | 1b.tora*(J,R; B) | v&(J; B) | r2*(R; B)
0.0218 0.0308 0.0310 2.4725 5.6149

The lower bound 0.0310 < réd(J, R; B) is obtained by Theorem 8, which as expected shows
that the unstructured radius, rc(J, R; B, B*) = 0.0218, is smaller than the structured radius

réd (J, R; B). If we replace the J matrix by J; = { _(i{ 0 } , then the corresponding results are
as follows:
re(Ji, R; B, B*) | rc(R; B, B*) | Lb.toro*(Ji, R; B) | v&(J1; B) | r2*(R; B)
0.0826 0.1169 0.1185 2.2340 5.7971

In this case, the difference between the unstructured radius r¢(J1, R; B, B*) and the structured
radius réd(J, R; B) is more significant. This implies that if the magnitude of the structured
perturbations to both J and R in Frobenius norm is smaller than 0.1185 than the system remains
stable.

Example 2

To emphasize more on the stability radii rc(J, R; B, B*) and rgd (J, R; B) obtained in this paper
and to show that these general distances are indeed different than the ones in [18], we generate
matrices J, R, Q, B € C™" of different sizes (n < 9) randomly following a normal distribution
with mean 0 and standard deviation 1 (randn(m,n) in Matlab) which we project on the feasible
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set, that is, J = —J* and R,Q > 0, so that # = (J — R)Qx is a DH system, and all restricted
stability radii were finite. The restriction matrices B and C' = B* are chosen to be of full rank.
We compute our distances r¢(J, R; B, B*) and réd(J, R; B) and compare these results with those
of [18] in Table I. We see that (i) the various unstructured and structured distances are quite different;
(ii) as expected, the stability radii rc(J, R; B, B*) and r5¢(J, R; B) are significantly smaller than
their counterparts from [18] of perturbing only one of J and R; (iii) the results indicate that the
lower bound to réd (J, R; B) in some cases (n = 3, 8,9) is significantly larger than the unstructured
distances (columns 2-3 in Table I) and reasonably close to the upper bound (minimum of the last
two columns in Table I).

Table 1. Various disances to instability for DH matrices

sizen | rc(J,R; B,B*) | r¢(R; B) | Lb.tora?(J,R; B) | r2(J;B) | r&*(R; B)
3 0.1162 0.1644 0.7353 7.8741 1.5038
4 0.0047 0.0067 05157 4.4828 | 620.6015
5 0.0550 0.0778 0.5108 1.2273 2.5896
6 0.0566 0.0801 0.2764 2.1462 1.1335
7 0.0165 0.0234 0.2421 0.8284 | 4.7189
8 0.0415 0.0587 0.9596 4.3467 1.9909
9 0.0632 0.0894 1.3540 1.7549 3.6928

7. CONCLUSION

In this paper, we have derived necessary and sufficient conditions for the existence of the dissipative
mappings taking X € C™* to Y € C™*, charactered the set of dissipative mappings, and found the
minimal Frobenius norm solution. We have then applied these results to DH systems. In particular,
we have used dissipative mappings to derive bounds for the structured distance to asymptotic
instability for both complex and real DH systems (1) when both J and R are subject to perturbations.

The bounds computed in this paper involve solving a difficult non-convex optimization problem.
Possible future works include more sophisticated methods to compute (49), and to study other
applications of the dissipative mappings.
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